Dynamically Induced Zeeman Effect in Massless QED 
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It is shown that in non-perturbative massless QED an anomalous magnetic moment is dynamically 
induced by an applied magnetic field. The induced magnetic moment produces a Zeeman splitting 
for electrons in Landau levels higher than I = 0. The expressions for the non-perturbative Lande 
g-factor and Bohr magneton are obtained. Possible applications of this effect are outlined. 
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The theory of the electron magnetic moment has his- 
torically played an important role in the development of 
QED. As it is known, the electron intrinsic magnetic mo- 
ment ft is related to the spin vector ~s* by ft = gpB~s*, 
where ps = eh/2mc is the Bohr magneton, and g is 
the Lande g-factor. One of the great triumphs of the 
Dirac relativistic theory for the electron was the predic- 
tion of the value 5 = 2. Nevertheless, experimental mea- 
surements of the g-factor showed a deviation from this 
prediction. The solution of the apparent contradiction 
came only after Schwinger calculated the first-order ra- 
diative correction to ft, due to the electron- photon inter- 
actions [l( . Schwinger's results led to an anomalous mag- 
netic moment with a correction to the g-factor of order 
^T = F"))' a being the fine-structure constant. Subse- 
quently higher-order radiative corrections to g have given 
rise to a series in powers of a/n [2| that is in excellent 
agreement with the experiment. 

Now, in the case of massless QED, one cannot follow 
Schwinger's approach to obtain the anomalous magnetic 
moment. The reason is that an anomalous magnetic mo- 
ment would break the chiral symmetry of the massless 
theory, but this symmetry is protected against perturba- 
tive corrections. However, the chiral symmetry can be 
broken dynamically via non-perturbative effects. In fact, 
such a dynamical symmetry breaking has been shown 
to occur if the massless electrons interact with the pho- 
tons in the presence of a constant magnetic field. This 
mechanism is known in the literature [3(-[3| as the mag- 
netic catalysis of chiral symmetry breaking (MC\SB). 
The phenomenon of MC\SB consists of the formation 
of a chiral condensate due to the dimensional reduction 
in the dynamics of the fermions in the Lowest Landau 
level (LLL). This dimensional reduction makes the non- 
perturbative fermion-antifermion interaction effectively 
stronger, hence favoring fermion-antifermion pairing even 
at weak coupling. 

All the previous studies of MC%SB in QED 0-[| fo- 
cused on the generation of a fermion dynamical mass. 
None of them however considered the possibility of a dy- 
namically generated magnetic moment. In the present 
paper we are going to show that, along with the dynami- 
cal mass, the chiral condensate necessarily produces a dy- 
namical magnetic moment. Physically it is easy to under- 



stand the origin of the new dynamical quantity. The chi- 
ral condensate carries non-zero magnetic moment, since 
the particles forming the condensate have opposite spins 
and opposite charges. Therefore, chiral condensation will 
inexorably provide the quasiparticles with both a dynam- 
ical mass and a dynamical magnetic moment. Symmetry 
arguments can help us also to better understand this phe- 
nomenon. A magnetic moment term does not break any 
additional symmetry that has not already been broken by 
a mass term. Hence, once MC\SB occurs, there is no 
reason why only one of these parameters should be differ- 
ent from zero. We will show below that a very important 
consequence of the dynamically generated magnetic mo- 
ment is a splitting in the electron energy spectrum that 
can be interpreted as a non-perturbative Zeeman effect. 
To explore the dynamical generation of a magnetic mo- 
ment in massless QED, we can start from the Schwinger- 
Dyson (SD) equation for the fermion self-energy in the 
presence of a constant magnetic field along the in- 
direction (F12 = H). We will work in the quenched- 
ladder approximation where 



£(x, x') = ie VG(x, x')^D^(x - x'). 



(1) 



Here, T,(x,x') is the electron self-energy operator, 
Dfj, v {x — x 1 ) is the bare photon propagator, and G(x, x') 
is the full fermion propagator depending on the dynami- 
cally induced quantities and the magnetic field. 

To transform to momentum space in the presence of 
a magnetic field we can use the so-called Ritus' method, 
originally developed for fermions in [£j| and later extended 
to vector fields in [9J. In Ritus' approach, the transforma- 
tion to momentum space is carried out using the eigen- 
functions E l (x) of the asymptotic states of the charged 
fermions in a uniform magnetic field 



E l Jx) = E+(x)A(+) + E7(x)A(-) 



(2) 



where A(±) = (J ± ij 1 -f 2 )/2 are up (+) and down 
(— ) spin projectors; E p (x) — N(l/l — l)exp(p x a + 
P2X 2 + P3X 3 )D(i/i_ij(p), with Di(p) the parabolic cylin- 
der functions of argument p = y/2\eH\(x± — p2/\eH\), 
and N(l) — (47r|eiJ|) 1 / 4 /v^T a normalization constant. 
The index I = 0, 1, 2, ... denotes the Landau levels (LL). 
The E l (x) functions ([2]) play the role in the magnetized 



medium of the usual plane- wave (Fourier) functions e lpx 
at zero field. They satisfy the field-dependent eigenvalue 
equation 

(U.^)E l p (x)=E l p (x)('yp), (3) 

with generalized momenta II M = id^ — eA^ and p = 
(po,0,-sgn(eH)y/2\eH\l,p 3 ). 
In momentum space the fermion self energy is given by 



— i 



E(p,p') = / dxdyE p (x)T,(x,y)E p (y) 

^(27r) i S^(p-p')um l m 



(4) 



since the E l are precisely linear combinations of the 
eigenfunctions of the fermion self energy in the presence 
of a magnetic field [8]. In © E p = j°(E l p )^°, and 
we used that j d A xE p {x)E l pl {x) = (2ir) 4 6^(p - p')U(l) 
with S^\p-p') = 6 ll 'S(p Q - p' n )6( P2 -p' 2 )S(p 3 -p' 3 ) and 

n(0 = A(+)s la + i(i - s 10 ) Jig. 

As proven in [111 ], in the presence of a magnetic field H, 
the general structure of E' (p) consistent with the Ward- 
Takahashi identity in the ladder approximation is 



Wfe 



i r-a 



E'(p) = Zl l (p,F) 1 -p ll +Z l ± (p,F) 1 -p ± 



lf^ T?\-V' IV . 



M l (p,F)I + T l (p,F)F^ <j^ 



(5) 



Here, F 



fXV 



F^/\H\, p^ = (0,0,- S gn(eH)^H\l,0) 

and pj[ = (p ,0,0,p 3 ). The coefficients M l ,Z l , and T l 
depend on the field strength F, LL I and momentum p. 
M is the dynamical mass already considered in previous 
works on MC\SB [3j]-[7J]. T l corresponds to the dynam- 
ically induced magnetic moment and should be found, 
along with M l , from the SD equations. The operator 
E (p) can be conveniently written, with the help of the 
projectors 



A ±-I(i±2^) 



Ai = \(l±*l 2 ), (6) 



as 



E<(p) = 4(A+-Ap|p || |+^i(A:-Ai)|p J _| 

+ (M l + T l )A(+) + (M l - T l )A(-) (7) 

Using the E l transformation, the full fermion propa- 
gator in momentum space is given by 



G l (p-p') = I dxdyE p {x)G{x,y)E l pl {y) 

= (2ir) 4 6^(p-pi)n(l)G l (p) (8) 

G\p) ' 



where 



7-p-E z (p) 



^^A( +) A+ + ^-M A(+)A - 

Nl (-T,Vn) + N'i-T,-^) 

D l {-T) [ ' II £>'(T) 



A(-)A 



»V1(A+-AI)[ 



A+A(+) + A7A(-) 



D'(T) 



A-A(+) + A+A(- 
+ D'(-T) 

with coefficients 



(9) 



W'(T,Vj,) 

D l {T) 



— )\/r' 



M—T— V« 

[M l f - (Vj(+T / ) 2 + (F[) 2 

(l-^f|)|P||l 



U 



i _ 



(l-Zi.)|jJ x | = (l-Zi)V2leHiI(10) 



Transforming Eq. (JTJ to momentum space with the help 
of the E functions, taking the photon propagator in the 

Feynman gauge, D^(x - x') = J ^yr e '^lj g^ v , and 
carrying out derivations and approximations similar to 
those done in [5J, we obtain that the SD equation for 
arbitrary Landau level I is given by 



E'(p)II(0 = ie 2 (2eH)n(l) 



d 4 q e~ g -L 



bJlG'CF^Tjl 



+ A(+) 7 i ;G'+ 1 (F^)7X+) 
+ A(-) 7 i ;G'- 1 (F^)7>(-)] 



(11) 



where p-g = (p - Qo,0, -sgn(eH) v / 2|eIFjn,p3 - q 3 ) 
for n = I — 1, i, ? + 1 and the normalized quantities are 
defined as Q^ — Q^j \j2\eH. Since the equation for a 
given Landau level I involves dynamical parameters that 
depend on I, I — 1 and l + l, the SD equations for all the 
LL's actually form a system of infinite coupled equations. 
Fortunately, in the infrared region, the leading contribu- 
tion to each equation will come from the propagators 
with the lower LL's, since the magnetic field appearing 
in the denominator of the fermion propagator for I ^ 
acts as a suppressing factor. Using this approximation, 
one can find a consistent solution at each level. On the 
other hand, the solutions for any M l and T l can be ulti- 
mately expressed in terms of the LLL solution, indicating 
that the physical origin of all the dynamical quantities is 
actually due to the infrared dynamics taking place at the 
LLL. For the LLL (1=0) case, the leading contribution to 
the RHS of (fTTj) conies from the G° (p — q) term, and we 
find 

(M° + T°) + Z\(k+ - Ap|p|| | = ie 2 {2\eH\) 
d*q e-«i (M° + T°) 



(27T) 



4 £2 



(p || -g || )2_(M0 + T0)2 



(12) 



Eq. (fT2|) implies that Z?, = 0; while for the combina- 
tion M° + T° it gives, in the infrared limit (pii ~ 0), 



l = ie 2 (4|e#| 



d A q 



(2tt) 4 g 2 (M ° + T ) 2 - g 2 



(13) 



If M° + T° is replaced in (TT3"]) by the dynamical mass 
Wdy„ of Refs. [J|-[3|, Eq. (Tili)) turns identical to the 
gap equation found there. Hence, the solution of (fiU| is 
formally the same as the one found in [4|-[5j], but with 
the combination M° + T° now playing the role previously 
played only by the dynamical mass. Hence, 



M° + T° ~ y/2\eH\e" 



(14) 



As in [4|-[5|, this solution is obtained considering that 
M + T° does not depend on the momentum, an assump- 
tion consistent within the ladder approximation [12j. As 
proved in [l3[, when the polarization effect was included 
in the gap equation through the improved-ladder approx- 
imation, the solution for md yn was of the same form as 
(|14p . but with the replacement y^n/a — ► ir/alog(ir/a) 



in the exponent. Since the inclusion of the magnetic mo- 
ment in the LLL SD equation merely implies the replace- 
ment mdyn — ► M°+T°, it is expected that a similar effect 
will occur in the solution (fT4"|) . However, this effect will 
not qualitatively change the nature of our findings. 

Since in the LLL propagator G°(p — p') the dynamical 
mass M° and magnetic moment T° always enter through 
the combination M° + T°, the solution of the LLL SD 
equation (TT4")) can only determine the sum of these dy- 
namical parameters. This indicates that at the LLL, the 
effect of a magnetic moment is irrelevant, it just redefines 
the rest energy due to the replacement mdyn — ► M°+T°. 
This is physically natural, since the electrons in the LLL 
can only have one spin projection, so for them there is no 
spin degeneracy and hence, no possible energy splitting 
due to the magnetic moment. E = M + T° represents 
then a dynamically induced rest-energy This can be eas- 
ily seen considering the Dirac equation for the electrons 
in the LLL with dynamically induced parameters, 



[ril 



[p 11 -7|| - E v ]ip 



LLL 



0. 



(15) 



where ipLLL is the spin-up two-component wave- function. 
Eq. (fi"5l) coincides with the the free (1+1)-Thirring 
model [14j | , with corresponding gamma matrices 70 = &i, 
73 = —i<72, where <7j are the Pauli matrices. The disper- 
sion relation of the electrons in the LLL obtained from 
(fTS"]) , Pq — p\ + (E ) 2 , is in agreement with the above 
discussion. As we will see below, the interesting effect 
associated to T comes from the higher LL's. 

For electrons in the first LL (I = 1), the leading contri- 
bution to the RHS of (jTTJ) in the infrared limit (pu ~ 0) 
comes from the term containing G°(p — q). Then, 

4 1) 72 (2|eH|) + (M 1 + T 1 )A(+) + (A/ 1 - T X )A(-) = 



= ze 2 (4|eff|)A(-; 



d 4 q e 



91 



E° 



(27T) 



(£° 



From (|TB)) we obtain the solutions 



M 1 



-T 1 = W = vPpe"^, 



Z\ 



(16) 



(17) 



This result corroborates the relevance of the LLL dy- 
namics (both M 1 and T 1 are determined by E°) in the 
generation of the dynamical mass and magnetic moment 
for electrons in the first LL. Given that the magnitude of 
the magnetic moment for the electrons in the first LL is 
determined by the dynamically generated rest-energy of 
the electrons in the LLL, any modification of the theory 
producing an increase in E will, in turn, drives an in- 
crease in the magnitude of T . From the experience with 
the MC\SB phenomenon, such modifications could be 
for example, lowering the space dimension [15| , introduc- 
ing scalar- fermion interactions [O, Il2l |. or considering a 
non-zero bare mass [16j . 

Let us find now the dispersion relations for electrons in 
higher LL's, taking into account the dynamically induced 
quantities. Starting from the modified electron equation 
in the presence of the magnetic field 



[p ■ 7 - m 1 i - irVVlV'i = 0, 

the dispersion relations are found from 



(18) 



L,l„,2l 



det \p ■ 7 - Af I - «T*7 1 7 
= [(M') 2 -(?>||-T') 2 +j£ 



x [{M l y -{p^+T L y +p 



yielding 



pI=pI + {J(m^ 



2eHl ± T 



h2 



(19) 



(20) 



and thus showing that the induced magnetic moment 
breaks the energy degeneracy between the spin states in 
the same LL. 

In particular for 1 = 1, plugging (fTT|) into (j20|) . taking 
into account that M 1 ,T X -C 1, and Taylor expanding 
the term in parenthesis, the dispersion relations can be 
expressed as 



p 2 ~p 2 3 + 2eH+{M 1 ) 2 + (T 1 ) 2 ±2T 1 V2TH, (21 
thereby producing an energy splitting 

/7r/a 



AE= I2T 1 ! = 2^/\eH\/2e- 



(22) 



Expression (|22|) can be conveniently written in the well 
known form of the Zeeman energy splitting for the two 
spin projections 



AE = guBH 



(23) 



where g and fj,B are the non-perturbative Lande g-factor 
and Bohr magneton given respectively by 
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<J 



Mb 



2M 1 



(24) 



Notice that the Lande g-factor depends non- 
perturbatively on the coupling constant a, and that the 
Bohr magneton is given in terms of the dynamically 
induced electron mass. 

We want to call attention to possible applications 
of the dynamically induced Zeeman effect obtained in 
this paper. One area of potential interest is condensed 
matter, since recent experiments 17] have shown that 
the 2-dimensional crystalline form of carbon, known as 
graphene, has charge carriers that behaves as massless 
Dirac electrons. In particular, a phenomenon where the 
dynamically induced Zeeman effect can bring some new 
light is the lifting of the fourfold degeneracy of the I = 
LL, and twofold degeneracy of the I — 1 LL in the re- 
cently found quantum Hall states corresponding to fill- 
ing factors v — 0, ±1, ±4 under strong magnetic fields 
18] , Notice that dispersion relations similar to (|2"D|) 
were found within certain region of the parameter space 
in a 2-dimcnsional modeling of Dirac quasiparticles in 
graphene with magnetically catalyzed masses and other 
order parameters connected to quantum Hall ferromag- 
netism [19] . 

Another domain where the finding we are reporting can 
be of interest is color superconductivity. An important 
aspect of color superconductivity is its magnetic prop- 
erties [20|- 23] . In spin-zero color superconductivity, al- 
though the color condensate has non-zero electric charge, 
there is a linear combination of the photon and a gluon 
that remains massless, hence giving rise, in both the 
2SC and CFL phases, to a long-range remnant " rotated- 
electromagnetic" field [201. To understand this, notice 
that, the quarks participating in the pairing are neutral 
or have equal and opposite "rotated" Q-charge. That is, 
the condensate is always Q-neutral. In the case that the 
pair is formed by Q-charged quarks of opposite sign, al- 
though the condensate is Q-neutral, an applied magnetic 
field can interact with the quarks forming the pair [221 ] . 
Hence, with respect to the " rotated-electromagnetism" 
the color-superconducting pair resembles the chiral con- 
densate under a conventional electromagnetic field. It 
should be expected then that a non-perturbative Zeeman 
effect can also be induced in a color superconductor un- 
der an applied magnetic field. Since, on the other hand, 
the Meissner instabilities that appear in some density re- 
gions of the color superconductor can be removed by the 
induction of a magnetic field [23] . it will be interesting 
to investigate what could be the role in this process of a 
dynamically induced magnetic moment. 

Acknowledgments: We thanks V.P. Gusynin, V.A. 
Miransky and LA. Shovkovy for comments. This work 



[1] J. Schwinger, Phys. Rev. 73, 416 (1947). 

[2] T. Kinoshita and W.B. Lindquist,P/iys. Rev. D 42 (1990) 

636. 
[3] V. P. Gusynin, V. A. Miransky, and I. A. Shovkovy, Phys. 

Rev. Lett. 73 (1994) 3499; K. G. Klimenko, Z. Phys. C 

54 (1992) 323; Teor. Mat. Fiz. 90 (1992) 3. 
[4] V. P. Gusynin, V. A. Miransky, and I. A. Shovkovy, Phys. 

Rev. D 52 (1995) 4747; Nucl. Phys. B 462 (1996) 249; 

C. N. Leung, Y. J. Ng, and , A. W. Ackley, Phys. Rev. 

D 54 (1996) 4181. 
[5] D.-S Lee, C. N. Leung and Y. J. Ng, Phys. Rev. D 55 

(1997) 6504. 
[6] E. J. Ferrer, and V. de la Incera, Phys. Lett. B 481 

(2000) 287. 
[7] E. Rojas, A. Ayala, A. Bashir, and A. Raya Phys. Rev. 

D 77 (2008) 093004. 
[8] V.I. Ritus, Ann.Phys. 69 (1972) 555; Sov. Phys. JETP 

48 (1978) 788 [Zh. Eksp. Teor. Fiz.75 (1978) 1560]. 
[9] E. Elizalde, E. J. Ferrer, and V. de la Incera, Ann. of 

Phys. 295 (2002) 33; Phys. Rev. D 70 (2004) 043012. 
[10] C. N. Leung and S.-Y. Wang Nucl. Phys. B 747 (2006) 

266. 
[11] E. J. Ferrer, and V. de la Incera, Phys. Rev. D 58 (1998) 

065008. 
[12] E. Elizalde, E. J. Ferrer, and V. de la Incera, Phys. Rev. 

D 68 (2003) 096004. 
[13] V. P. Gusynin, V. A. Miransky, and I. A. Shovkovy, Nucl. 

Phys. B 563 (1999) 361. 
[14] W. E. Thirring, Ann. Phys. (NY) 3 (1958) 91. 
[15] V. P. Gusynin, V. A. Miransky, and I. A. Shovkovy, Phys. 

Rev. D 52 (1995) 4718; V. P. Gusynin, and A. V. Smilga, 

Phys. Lett. B 450 (1999) 267. 
[16] S. Y. Wang, Phys. Rev. D 77 (2008) 025031; K. G Kli- 
menko, and V.Ch. Zhukovsky, Phys. Lett. B 665 (2008) 

352. 
[17] K. S. Novoselov, et. al., Science 306 (2004) 666; Nature 

438 (2005) 197; Y. Zhang, et. al., Nature 438 (2005) 201. 
[18] Y. Zhang, et. al., Phys. Rev. Lett. 96 (2006) 136806. 
[19] V. Gorbar, V.P. Gusynin, and V.A. Miransky e-Print: 

arXiv:0710.3527 [cond-mat] 
[20] M. Alford, K. Rajagopal and F. Wilczek, Nucl. Phys. B 

537 (1999) 443. 
[21] K. Iida and G. Baym, Phys. Rev. D 66, 014015 (2002); I. 

Giannakis and H-C Ren, Nucl. Phys. B 669, 462 (2003); 

E. J. Ferrer and V. de la Incera, Phys. Rev. Lett. 97 

(2006) 122301; Phys. Rev. D 76 (2007) 045011; J. L. 

Noronha and I. A. Shovkovy, Phys. Rev. D 76 (2007) 

105030; K. Fukushima and H. J. Warringa, Phys. Rev. 

Lett. 100 (2008) 032007. 
[22] E. J. Ferrer, V. de la Incera and C. Manuel, Phys. Rev. 

Lett. 95 (2005) 152002; Nucl. Phys. B 747 (2006) 88; 

PoS JHW2005 (2006) 022; J. Phys. A 39 (2006) 6349; 

40 (2007). 
[23] E. J. Ferrer and V. de la Incera, Phys. Rev. D 76 (2007) 

114012; AIP Conf.Proc. ft^7:(2007) 401; D. T. Son, M. A. 

Stephanov, Phys. Rev. D 77 (2008) 014021. 



